Abstract. -A gas of linearly polarizable particles transversely pumped by an off-resonant laser and interacting with the counterpropagating radiation modes of a ring cavity is studied. Depending on the pump intensity and the detunings the gas can form a self-organized density grating that enhances the feeding of the cavity. We investigate the system via a mean-field approach and find the thermodynamic phases of i) uniform distribution, ii) self-organized Bragg lattice, iii) lattice with defects, and iv) instability. The occurrence of these phases as a function of the pump intensity and particle density is fully mapped.
The physics of ultracold atoms has been a proliferating field these years. There is a renewed interest in fundamental many-body phenomena which can be investigated in well-controlled, weakly interacting atomic ensembles. Phase transition into a Bose-Einstein condensate is being routinely realized with alkali atoms, and various other manifestations of quantum statistics, superfluidity, etc., are observed. The system of cold atoms is particularly attractive because the collisional properties are partially tunable.
The nature of atom-atom interaction is a central issue in the understanding of many-body effects. This interaction is dominated by the dipole-dipole coupling in a dense cloud of cold atoms illuminated by quasi-resonant laser fields. On the one hand, this amounts to a measurable modification of the optical properties of the cloud, e.g., a nonlinear density dependence of the refractive index [1] , or slow diffusion of light [2] . On the other hand, it induces interatomic forces, which eventually cause an instability of the homogeneous distribution of the cloud [3] .
In this letter we analyze a system presenting a strong interplay of the electromagnetic field generating a collective behaviour of an ensemble of polarizable particles, and the backreaction of those particles on the dynamics of the field. The system is shown to produce a phase transition between the homogeneous spatial distribution and a regular pattern bound by the electromagnetic field. This effect can be described in terms of analytical expressions accounting for the density of the particles and laser pumping strength by virtue of the simple geometry.
Instead of the three-dimensional dipole-dipole interaction in free space, we envisage a system in which the interparticle communication is predominantly mediated by a few radiation modes selected by a high-finesse optical resonator. Within the cavity, particles experience the field change induced by any remote particle regardless of the distance. This is due to the fast photon round-trips in the resonator on the time scale given by the other interaction strengths [4, 5] , i.e., the longitudinal mode spacing is much larger than the atomic and cavity linewidth as well as the relevant detunings. To be specific, we assume a one-dimensional ring resonator with two counterpropagating modes, which corresponds to the experimental setups in [6] [7] [8] . As a difference to the correlated atomic recoil laser (CARL), we consider a transverse pump scheme, i.e., the particles are laser driven from a direction orthogonal to the resonator axis. This geometry has the virtue that the polarizing field is separated from the cavity modes mediating the multiple scattering between the particles. In addition, the system is completely translationally invariant along the cavity axis.
Apart from the straightforward geometry, the atom-light interaction considered in this paper is also simply described in terms of scattering processes. Due to the large detuning, effects of the polarization dynamics can be neglected [4] . Hence the predicted phase transitions rely on basic properties of light-matter interaction and should occur in quite general setups, with molecules or other scatterers. We developed a mean-field method which can be applied to study phase transitions in the geometry of a standing-wave cavity filled with transversely pumped atoms [9] [10] [11] and in that of the CARL [12] [13] [14] [15] [16] . The method yields a complete mapping of various phases as a function of the system parameters.
The dynamics of the field. -The system is composed of a gas of N polarizable particles coupled to two degenerate optical modes of a ring resonator, described by the plane-wave mode functions f 1 (x) = e ikx and f 2 (x) = e −ikx , with coherent amplitudes α 1 and α 2 . The particles are driven by a pump laser oriented perpendicular to the cavity axis. The electric field in the cavity is then given by E(x) = f 1 (x)α 1 + f 2 (x)α 2 + E pump , where the last pumping field term is assumed to be constant along the resonator axis "x". For simplicity, we consider the system only along this spatial dimension: the atoms are supposed to be confined near the resonator axis by, e.g., a strong dipole trap. The interaction is in the dispersive regime, i.e., the pump laser is very far detuned with respect to the resonance frequencies of the gas particles: no real excitations need take place. The gas can then in principle even be composed of molecules, but we refer to the gas particles as "atoms". The atoms redistribute photons by coherent scattering between the two modes and the pump field. This process feeds the cavity modes with an effective amplitude η. The dynamics of the cavity modes with the scatterers at x j , j = 1, . . . , N is given by the following differential equations [4] :
using a formal vector notation, with the coupling matrix
The diagonal terms include the detuning between the pump laser and the cavity modes, ∆ C = ω − ω C , the cavity decay rate κ, and the shift of the cavity resonance by an amount of U 0 per atom. This shift is due to forward scattering and is related to the atomic properties by
where χ is the real part of the linear polarizability and V is the mode volume.
The total frequency shift due to the polarized gas, expressed in terms of a dimensionless collective coupling parameter ζ = N |U 0 | /κ, will later be used to describe the density of the atom cloud (neglecting a filling factor). The off-diagonal terms, i.e., the coupling between the cavity modes, stem from the stimulated back reflection off the gas. This process is heavily dependent on the positions of the atoms, through the complex parameter σ =
describing spatial order. Similar to the Debye-Waller factor, |σ| is 1 if the gas forms a perfect lattice with period of an integer multiple of λ/2, and less than 1 for a non-perfect lattice; for a homogeneous gas, it is |σ| ∝ 1/ √ N . The phase of σ gives x 0 , the "position of the lattice" modulo λ/2, with the definition σ = |σ| e −2ikx0 . Interaction between the gas and the cavity field lifts the degeneracy of the cavity modes. The eigenmodes of the cavity are
these have nodes (h − (x)), or antinodes (h + (x)) at x 0 + nλ/2, respectively. The corresponding amplitudes,
are not coupled by the interaction with the atom gas. The frequencies of the eigenmodes h − and h + are shifted with respect to the empty cavity, giving the effective detunings
With the atoms at fixed positions x j , the mode amplitudes take on the stationary values
If the atoms are uniformly distributed, both amplitudes vanish by destructive interference of the components scattered by different atoms (kx 0 is an arbitrary phase in this case). If the polarized gas roughly forms a lattice with period λ (x 0 giving the position of the lattice modulo λ/2), mode h − will only be weakly coupled to the pump laser, since it has nodes at the lattice points. On the contrary, mode h + has antinodes at the atomic positions and thus is driven via stimulated Bragg scattering off the gas [7, 10] . The possibility of optical trapping of high-field seekers with negligible spontaneous emission loss requires large red detuning, whereby the resonance shift U 0 is negative. It is known from cavity cooling theory that the pump field has to be detuned below the cavity frequency to ensure damped motional dynamics [4] . For large enough density ζ, however, if the polarized gas forms a more and more periodic structure, |σ| increases from 0 to 1, and the frequency of mode h + may drop below the pump frequency, i.e., ∆ + may become positive. This yields heating and instability of the gas. The effect is all the more prominent since at ∆ + ≈ 0 the population of mode h + is resonantly enhanced. We will discuss ways to avoid this problem and the effect of the detuning ∆ C and the density ζ on the dynamics later on.
The dynamics of the atoms. -Up to this point, the polarized gas was considered as an inert background against which the dynamics of the cavity field takes place. Now we relax this assumption, and treat the distribution of the gas particles as a dynamic quantity. As the gas particles move little on the characteristic timescale of the buildup of the cavity field, κ −1 , the atomic and cavity dynamics can be separated adiabatically, in a way reminiscent of the Born-Oppenheimer approximation for molecules. The motion of the gas particles is governed by the forces from the light field that depends on their positions. Since the field is far detuned from the atomic resonance, scattering into other than the cavity modes is negligible so that the motion of the particles is solely determined by the dipole force [17] . This can be decomposed into two terms:
The first term arises from stimulated transfer of photons between the counterpropagating plane-wave modes of the cavity, and the second term from stimulated transfer of pump and cavity photons. In the limit of high particle number N , the back-action of a single particle on the cavity field is negligible, and we can integrate the forces to arrive at the potential V (x) governing the dynamics. In terms of the amplitudes β ± this potential reads
The first line corresponds to scattering from the pump into the cavity: if the gas forms a λ-periodic grating, this describes a potential with attractive points at the lattice sites, i.e., the gas density maxima. The second line originates from multiple scattering between the running wave modes. This latter has a strong dependence on the density and causes deviations from a medium with linear refractive index: it attracts particles to maxima of the cavity field, and can create defects in the lattice, as explained later on.
Mean-field approximation. -For a large number of atoms but each of them weakly coupled to the cavity modes, the cloud can be treated by a mean-field approach using a continuous position distribution p (x) . In the present model we phenomenologically add that the cloud has a finite temperature, microscopic calculations reveal that it is on the order of k B T =hκ. The thermodynamic limit then corresponds to taking a large cavity with mirrors whose reflectivity is scaled down with cavity length, homogeneously filled with the gas. The cavity length is limited by the requirement of large longitudinal mode spacing (as mentioned in the introduction). In this limit, we can apply the canonical distribution to the gas, giving
with the partition function Z ensuring normalization: p(x)dx = 1. Now since V (x) depends on the mode amplitudes β − and β + , and these latter depend on the distribution p(x) of the scatterers, eq. (9) has to be solved self-consistently. Numerical solutions to the implicit equation (9) can be found by iterating the following steps. i) Start from a random distribution p (0) (x) = λ −1 + ξ(x), where ξ(x) is white noise:
ii) Obtain from (6) the steady-state mode amplitudes β 1,2 for the given distribution p (0) (x). iii) Calculate the dipole potential V (x) by substituting β 1,2 into (8). iv) The canonical distribution, eq. (9), furnishes the new distribution p (1) (x) with which the procedure can be restarted. If the iterations converge, we obtain a self-consistent solution of (9), p(x) = p (∞) (x). For weak pump amplitude η, this solution is the uniform distribution of the gas, p(x) = λ −1 . Above a certain threshold η c , the uniform distribution is no longer stable and a nontrivial p(x−x 0 ) builds up, with x 0 depending on the initial fluctuations. Figure 1(a) shows this transition with a plot of the spatial order |σ| 2 as a function of the pumping strength. The narrowing of the "self-organized" density distributions is shown in fig. 1(b) using two specific values for the pump η above threshold. The critical pump amplitude η c can be determined analytically by a stability analysis of the uniform distribution. The only relevant Fourier components of a perturbation are those with period λ, as only these affect the amplitudes β ± : we can therefore take
with arbitrary x 0 . The condition of stability then becomes that the magnitudes of A and B decrease during a single iteration of eq. (9) to first order in . For both A and B this translates to η < η c , with the critical pump amplitude η c and the corresponding critical pump laser power density P c (in units of W/m 2 ) given by
Here we used the shorthand δ = (∆ C − NU 0 )/κ. The lowest pump power allowing for selforganization to happen is at the detuning δ = −1, i.e. ∆ C = NU 0 − κ. As hinted in the introduction, this light-matter system is of particular interest because of the highly nonlinear dependence of the dynamics on the density of atoms. The order |σ| 2 as a function of the density parameter ζ at fixed pumping strength η = 0.1κ is plotted in fig. 2(a) . In accordance with eq. (10), below a critical density ζ c the uniform distribution is stable. At densities ζ > ζ c , where the pump is above threshold, a rough but surprisingly good approximation is that the atoms form a perfect lattice of period λ, which from eq. (8) gives for the potential:
The lattice is defined by the first term having attractive minima at kx = kx 0 + 2nπ. Due to the second, density-dependent term, a secondary peak can build up in the atomic density at kx = kx 0 + (2n + 1)π, roughly for ζ > −∆ C /(4κ). "Defect" atoms can then appear in the lattice which radiate into the cavity mode h + in opposite phase with the atoms being at x 0 , thus decreasing the photon number. However, in a thermal distribution these sites are hardly occupied such that the order parameter does not indicate this transition, which is at ζ = 1 in the numerical example of fig. 2(a) . The distribution p(x) reveals the defects but is still dominated by a single peak around x 0 whose width decreases with increasing pump power. At even higher optical densities, pumping above the threshold results in an instability of the atom cloud -this is the reason why the curve in fig. 2(a) is only plotted up to ζ = 2. The iterations of eq. (9) no longer converge, but enter a loop of flipping between two localized distributions which differ in a shift by λ/2. This indicates a frustration of the system: when more atoms happen to be, say, close to the positions x = x 0 + nλ, for ∆ + > 0, they create a potential favoring the sites at x = x 0 + (n + 1 2 )λ. The detuning ∆ + becomes positive at large pump power when ζ > −∆ C /(2κ), which in fig. 2 (a) corresponds to ζ > 2. Note that in fig. 2(b) , presenting a still stable, but markedly two-peaked distribution, the potential depths at the two possible sites become very close to each other.
We summarize the numerical results on a phase diagram in fig. 3 . Choosing a fixed pumpcavity detuning, ∆ C = −4κ, two parameters, namely the dimensionless optical density ζ and the pumping strength η/κ, determine the equilibrium distribution. A complete map of the various regimes, "uniform distribution", "self-organized lattice", "lattice with defects" (i.e., where the potential in the steady state has secondary minima, allowing for the existence of defect atoms), and "no convergence", is presented. The overall (η c ∝ ζ −1/2 )-dependence of the stability limit of the uniform distribution, see eq. (10), shows up clearly in this log-log plot. The unstable region is cut by a sharp resonance at ζ = 4, which corresponds to the density where the detuning ∆ C = NU 0 . In accordance with eq. (10), this density leads to δ = 0 and yields a divergence of the critical pump amplitude. For this setting the uniform distribution is stable against infinitesimal perturbations, no matter how strong the laser pump is. Finite fluctuations can, however, be amplified and for strong pumping the uniform distribution does become unstable. The other region boundaries are in good agreement with the analytical results for large η (ζ ≈ 1 and ζ ≈ 2), and are parallel with the η axis in the large η limit. This is due to the fact that in this limit the density distribution is sharply peaked, and then practically all η does is to set the potential depth, but not change the shape.
Conclusion. -By mean-field analysis we revealed the various phases of a gas of cold atoms strongly coupled to the radiation modes of a lossy ring cavity and off-resonantly driven by a transverse laser. The interaction of linearly polarized particles with light is demonstrated to be strongly nonlinear in the large intensity and large density limit. In the proposed system of homogeneously pumped atoms moving along the axis of a ring resonator, both dependences are well resolved and the role of the density-dependent multiple photon scattering which is the source of nonlinearity is well displayed. A complete phase diagram has been obtained where the phase boundaries are interpreted by simple physical arguments. * * * The work was supported by the National Scientific Fund of Hungary (Contract Nos. T043079, T049234) and the Bolyai Program of the Hungarian Academy of Sciences. We acknowledge funding from the Austrian Science Foundation (P17709 and S1512).
